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09 An urn model assoiated with the Jaobi
polynomials
F. Alberto Grünbaum
Abstrat. We onsider an urn model leading to a random walk
that an be solved expliitly in terms of the well known Jaobi
polynomials.
1. Urn models and orthogonal polynomials
There are two simple and lassial models in statistial mehan-
is whih have reently been assoiated to very important lasses of
orthogonal polynomials. The oldest one of this models is due to D.
Bernoulli (1770) and S. Laplae (1810), while the more reent model is
due to Paul and Tatiana Ehrenfest (1907). While both of these mod-
els are featured in very lassial texts in probability theory, suh as
[F℄, the onnetion with orthogonal polynomials is of muh more re-
ent vintage. In fat, the polynomials in question due to Krawthouk
and Hahn had not been reognized as basi objets with rih prop-
erties till around 1950. For a few pertinent and useful referenes see
[A, AAR, Ch, DS, E, G1, ILMV, K, KMG1℄.
From the omments above one ould get the impression that the
relations between orthogonal polynomials -speially some well known
lasses of them- is only a matter of historial interest. Nothing ould
be further from the truth: there are several areas of probability and
mathematial physis where reent important progress hinges on the
onnetions with orthogonal polynomials.
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The entire area of Random Matrix theory starts with the work of
E. Wigner and F. Dyson and reahes a new stage in the hands of M.
Mehta who brought in the power of orthogonal polynomials into the
piture.
In the area of Random growth proesses the seminal work of K.
Johansson depends heavily on orthogonal polynomials , speially La-
guerre and Meixner ones, in [J℄.
The onnetion between birth-and-death proesses and orthogonal
polynomials has many parents but the people that made the most of it
are S. Karlin and J. MGregor, see [KMG℄. We will have a hane to
go bak to their work in onnetion with our model here. One should
remark that the ideas of using the spetral analysis of the orresponding
one step transition matrix have been pushed reently in the ase of
quantum random walks, an area where physis, omputer siene and
mathematis ould make important ontributions. See [CGMV, Ko℄.
The study of the so alled ASEP (asymmetri simple exlusion pro-
esses) going bak to F. Spitzer, see [S℄, and very muh onneted with
the work of K. Johansson mentioned earlier. has reently proted from
onnetions with the Askey-Wilson polynomials. All of this has impor-
tant and deep onnetions with ombinatoris and a host of other areas
of mathematis. There are many other examples that one ould men-
tion, but we just add here the study of noninterseting or non-olliding
random proess whih goes bak to F. Dyson.
There are lots of interrelations among these areas. For one exam-
ple: the Hahn polynomials that were mentioned in onnetion with
the Bernoulli-Laplae model were studied by Karlin and MGregor in
onnetion with a model in genetis due to Moran, see [KMG1℄. They
have also been found to be useful in disussing random proesses with
non-interseting paths, see [G℄.
All of these areas are plaes where orthogonal polynomials have
been put to very good use. For a very good review of several of these
items see [K℄. Orthogonal polynomials of several variables, as well as
matrix valued orthogonal polynomials have reently been onneted to
ertain random walks. For two samples see [G2, G3℄.
2. The Jaobi polynomials
The lassial Jaobi polynomials are usually onsidered either in
the interval [−1, 1] or, as will do, in the interval [0, 1]
These polynomials are orthogonal with respet to the weight fun-
tion
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W (x) = xα(1− x)β .
Here we assume that α, β > −1, in fat it will be assumed throughout
that α, β are non-negative integers.
These polynomials are eigenfuntions of the dierential operator
x(1 − x)
d2
dx2
+ (α + 1 + x(α + β + 2))
d
dx
a fat that will not play any role in our disussion but whih is ruial
in most of the physial and/or geometrial appliations of Jaobi poly-
nomials. These appliations over a vast spetrum inluding potential
theory, eletromagnetism and quantum mehanis.
Neither the orthogonality, nor the fat that our polynomials are
eigenfuntions of this dierential operator are enough to determine
them uniquely. One an multiply eah polynomial by a onstant and
preserve these properties. We hose to normalize our polynomials by
the ondition
Qn(1) = 1.
For us it will be important that these polynomials satisfy (in fat
are dened by) the three term reursion relation
xQn(x) = AnQn+1(x) +BnQn(x) + CnQn−1(x)
with Q0 = 1 and Q−1 = 0.
The oeients An, Bn, Cn given by
An =
(n + β + 1)(n+ α + β + 1)
(2n+ α + β + 1)(2n+ α+ β + 2)
, n ≥ 0
Bn =1 +
n(n+ β)
2n+ α + β
−
(n + 1)(n+ β + 1)
2n+ α + β + 2
, n ≥ 0
Cn =
n(n+ α)
(2n+ α + β)(2n+ α + β + 1)
, n ≥ 1,
The oeient Bn an be rewritten as
Bn =
2n(n + α + β + 1) + (α + 1)β + α(α + 1)
(2n+ α + β)(2n+ α + β + 2)
whih makes it lear that, along with the other oeients, it is non-
negative.
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Sine we insist on the ondition Qn(1) = 1 we an see, for instane
by indution and using the reursion relation, that
An +Bn + Cn = 1.
There are, of ourse, several expliit expressions for the dierent
variants of the Jaobi polynomials and they an be used for instane
in omputing the integrals that appear in the last setion.
The normalization above is natural when one thinks of these poly-
nomials (at least for some values of α, β) as the spherial funtions
for some appropriate symmetri spae, and insists that these funtions
take the value 1 at the North pole of the orresponding sphere. The
simplest of all ases is the one with α = β = 0 when one gets the
Legendre polynomials and the usual two dimensional sphere sitting in
R
3
. The reader may want to see [VK℄.
The fat that the oeients are nonnegative and add up to one
ries out for a probabilisti interpretation of these quantities. This is
the purpose of this paper. We have not seen in the literature onrete
models of random walks where the Jaobi polynomials play this role.
3. The model
Here we onsider a disrete time random walk on the non-negative
integers whose one step transition probability matrix oinides with the
one that gives the three-term reursion relation satised by the Jaobi
polynomials.
At times t = 0, 1, 2, .... an urn ontains n blue balls and this deter-
mines the state of our random walk on Z ≥ 0.
The urn sits in a "bath" onsisting of an innite number of red
balls. The transition mehanism is made up of a few steps whih are
desribed now, leaving some of the details for later.
In the rst step a ertain number of red balls from the surrounding
bath are mixed with the n blue balls in the urn.
In the seond step a ball is seleted (with uniform distribution) from
among the balls in the urn. This "hosen ball" an be blue or red. In
either ase an experiment is performed in a parallel world, using an
appropriate "auxiliary urn", to determine if this hosen ball will retain
its olor or have it hanged (from red to blue or vieversa).
One this is settled, and the possible hange of olor has taken
plae, the main urn ontains the initial n balls plus a ertain number
of balls taken form the bath in the rst step, and we are ready for the
AN URN MODEL ASSOCIATED WITH THE JACOBI POLYNOMIALS 5
third and last step. This nal step onsists of having all red balls in
the urn removed and dropped in the bath.
The state of the system at time t+1 is given by the number of blue
balls in the urn after these three step are ompleted. Clearly the new
state an take any of the values n− 1, n, n+ 1.
A more detailed desription of the three steps above is given in the
next setion.
4. The details of the model
If at time t the urn ontains n blue balls, with n = 0, 1, 2, .... we
pik
n+ α + β + 1
red balls from the bath to get a total of 2n+α+ β+1 balls in the urn
at the end of step one.
We now perform step two: this gives us a blue ball with probability
n
2n+ α + β + 1
and a red ball with probability
n+ α + β + 1
2n+ α + β + 1
If the hosen ball is blue then in a "auxiliary urn" with n blue
balls we throw in α blue balls and n+ β read balls, mix all these balls
and pik one with uniform distribution. We imagine the auxiliary urn
surrounded by a bath of an innite number of blue and red balls whih
are used to augment the n blue balls in this auxiliary urn.
The probability of getting a blue ball in the auxiliary urn is
n+ α
2n+ α + β
and if this is the outome the "hosen ball" in the main urn has its
olor hanged (from blue to red). If we get a red ball in this auxiliary
urn then the hosen ball retains its blue olor.
On the other hand, if in step two we had hosen a red ball then in
a dierent "auxiliary urn" with n blue balls we throw in α + 1 blue
balls and n+ β + 1 red balls. This auxiliary urn is also surrounded by
a bath of an innite number of blue and red balls.
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These balls are mixed and one is hosen with the uniform distribu-
tion. The probability that this ball in the auxiliary urn is red is given
by
n + β + 1
2n+ α + β + 2
and if this is the ase the hosen ball in the main urn has its olor
hanged (from red to blue). Otherwise the hosen ball retains its red
olor.
Notie that the hosen ball in the main urn has a hange of olor
only when we get a math of olors for the balls drawn in the main and
an auxiliary urn: blue followed by blue or red followed by red.
In either ase one the possible hanges of olor of the hosen ball
in the main urn has been deided upon, we remove all the red balls
form the main urn.
We see that the state of the system goes from n to n− 1 when the
hosen ball is blue and then its olor gets hanged into red. This event
has probability
n
2n+ α + β + 1
multiplied by
n+ α
2n+ α + β
Observe that this oinides with the value of Cn in the reursion
relation satised by our version of the Jaobi polynomials.
The state inreases from n to n+ 1 if the hosen ball is red and its
olor gets hanged into blue. This event has probability
n+ α + β + 1
2n+ α + β + 1
multiplied by
n + β + 1
2n+ α + β + 2
Observe that this oinides with the values of An given earlier.
As we notied earlier, when the hosen ball is blue and the ball in
the orresponding auxiliary ball is red then the hosen ball retains its
olor. Likewise if the hosen ball is red and the ball in the orresponding
auxiliary urn is blue then the hosen one retains its olor. In either ase
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the total number of blue balls in the main urn remains unhanged and
the state goes from n to n.
Reall the basi property of the oeients An, Bn, Cn, namely
An +Bn + Cn = 1
This shows that the probabilty of going from state n to state n is
given by Bn.
In summary we have built a random walk whose one step transition
probability is the one given by the three term relation satised by our
version of the Jaobi polynomials.
5. Birth-and-death proesses and orthogonal polynomials
A Markov hain with state spae given by the non-negative integers
and a tridiagonal one step transition probability matrix P is alled a
birth-and-death proess. Our model given above, learly ts in this
framework.
One of the most important onnetions between orthogonal poly-
nomials and birth-and-death proesses, suh as the one onsidered here
is given by the Karlin-MGregor formula [KMG℄.
If the polynomials satisfy
pij
∫
1
0
Qi(x)Qj(x)W (x)dx = δij
one gets the following representation formula for the entries of the
powers of the one-step transition probability matrix
(Pn)ij = pij
∫
1
0
xnQi(x)Qj(x)W (x)dx.
This ompat expression gives the solution to the dynamis of our
random walk and allows for the study of many of its properties.
In the ase of our version of the Jaobi polynomials the squares of
the norms of the polynomials Qi are given by
Γ(i+ 1)Γ(i+ α + 1)Γ(β + 1)2
Γ(i+ β + 1)Γ(i+ α + β + 1)(2i+ α+ β + 1)
In our ase when α, β are assumed to be nonnegative integers this
expression an, of ourse, be written without any referene to the
Gamma funtion.
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We lose this paper by realling how one an ompute in the ase
of our transition matrix P its invariant (stationary) distribution, i.e.
the (unique up to salars) row vetor
pi = (pi0, pi1, pi2, . . . )
suh that
piP = pi.
It is a simple matter of using the reursion relation for the polyno-
mials Qi to show that the omponents pii are given, up to a ommon
multipliative onstants by the inverses of the integrals
∫
1
0
Q2i (x)W (x)dx.
mentioned above. This justies the notation pii for these two apparently
unrelated quantities, and in our ase furnishes an expliit expression
for an invariant distribution.
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